ORTHOGONALITY & CURVE FITTING - Prof. Richard B. Goldstein

Fitting Continuous Functions by Polynomials: f(x) on [a, b]

Minimize i[f(x)—{ao+a1x+a2x2+-~-+amxm}]2dx

a

Example #1: f(x) = e on [-1, 1] can be represented by ao + a1x + axx?

1 1 1 1
a,[ldx + afxdx + a,[x’dx = [e'dx=e-e*
-1 -1 -1 -1
1 1 1 1
Solve: a, dex + alsz dx + a, .[x3 dx = jxeX dx =2e™
L 1 1 L
aoj'xzdx + alJ'x3 dx + azjx4dx = szex dx=e-5e"
-1 -1 -1 -1
Solution: e* ~0.996294 +1.103638x + 0.536721x>

Why use orthogonal polynomials?

[1] Higher degree polynomial fits have nearly singular matrices. For example, if a
continuous curve is fit on the interval [0, 1] using powers of x: 1, X, X%, X3, ..., x™,
the resulting matrix of the coefficients is the Hilbert Matrix:

1 7 3 ™ A =1/12 = 8.33 x 1072
i {1 i |As] =1/2,160 =4.63x10*
Am=| |As] =1/6,048,000 = 1.65 x 107
L1 L |As| =3.75x 10%?
m m+tl m+2 7T 2m-1
|Ao] =2.16 x 1053

[2] The coefficient matrix becomes simplified to a diagonal matrix making the coefficients
easy to find once the orthogonal polynomials have been chosen.

An orthogonal set of polynomials on [-1, 1]

Legendre Polynomials
P,(X)=1 P,(X) =%, P,(x)=2x* -1, P,(x) =5x> - 3x, ...

where (P,,P, ) = j[P.(x)P (x)dx = mah =k
Pk p IR 0 if j=k
and (k+1DP,,,(X) = (2k +D)xP, (X) — kP, , (X) is the recursion generating equation
P..f ¢
f(x) = ayPy(x) +a,P (X) +---+a,P,(X) where a, = M - %J‘Pk (X)f (x)dx
-1

(PerPy)



Example #2: (repeating example #1 with orthogonal polynomials)

Then, 1(f(x),P,(x)) = %(e —~ efl) ~1.175201,
2(£(x),P,(x)) = £(2¢7*)~1.103638,
and  3(f(x),P,(x)) = %(e —~ 7e‘1)z 0.357814

e* ~1.175201+1.103638x +0.357814(2 x? — 1) = 0.996294 +1.103638x + 0.536721x°

This is the same result as example #1 without solving a system of equations.

_

-1 -0.5 0.5 1

=

Note that the cubic term can be found by adding asPs(x) where a, = % | P;(x)f (x)dx

LN

Fitting Discrete Data by Orthogonal Polynomials:

Finding a set of orthogonal polynomials on the set of x’s: x1, X2, ..., Xn

Letd , (x) = k™ degree polynomial where ) ® k(xi)tb f,(xi) = <cD @ ,> =0if kz/
MODEL.: a,d (%) +a, D, (x)+..+a,D (%)
d,(x)=1

D, (X)=x-B,=x-X
@, (x) = (X - Bk)(Dk—l(X) —C @, ,(X)

Z X0, (%)) Z X0 o (X)P 1 (X))

where B,=————— C, =
CXoR(x) 2 0% ,(x)

<y,q)k> Zyiq)k(xi)
e <(I)k’q)k> ) Z O (x;)

Example #3: Find ®o(x), ®1(x), D2(x) for xi : -7, 2, 3,5, 6, 9

Start with ®o(X) = 1.



_ 240000 (D@ + QW) + B’ + B + (DD +(O)D)° _18

Next, B, 2 - 2 2 2 2 2 2 =3
2. D5(x;) D +O +O+DO"+D° + @) 6
Therefore, ®1(X) =x -3 Now, compute B, and C;
B - 2XPI(X)  (-7)(-10)° + (2(-D)* + (3)(0)* + (B)(2)* + (7)(3) + (9)(6)* _ —300 _ L
LY ol(x) (-10)2 + (1) + (0)2 + (2)* + (3)* + (6)* 150
_ 24P ()P (%) _ (-7)(-10)1+ (2)(-D)L+ (3)(O)1+ (B)(2)L+ (7)(3)1+ (9)(B)L _ 150 _ -

’ 2 Po (%) D +@O*+D°+O*+ @O +@)° 6
Then, @, (x) = (X—3)(Xx—(-2)) —25=(x—-3)(x+2) —25=x* —x—31

Note that the vectors: [1,1, 1, 1, 1, 1], [-10, -1, 0, 2, 3, 6] and [25, -29, -25, -11, -1, 41] are
mutually orthogonal. These are the vectors of ®o(Xi), @1(Xi), P2(Xi)

FURTHER DISCUSSION

[1] How do you choose the best m, since as m increases, the sum of squares always
Sum Sgs

decreases? Answer: use Gauss’ Criterion: minimize ————
n-(m+1)

[2] Are there other criteria for a “best fit?” Yes — minimum absolute deviation.
This is usually accomplished by starting with Tchebychev Polynomials.

ADVANCED PROBLEM: Fit f(x) = 2% on [0, 1] using

[A] 6 pointsx;:0.0,0.2,0.4,0.6,0.8,and 1.0
[B] the continuous interval [0, 1]

[A] DISCRETE CASE

Xi Yi Do(Xi))  D1(Xi) Do(Xi) D3(Xi)
0.0 1.000 00000 1 -0.5  +0.13333333 -0.0240
0.2 1.148698 36 -0.3  -0.026 666 67 +0.0336
04 1.31950791 -0.1  -0.106 666 67 +0.0192
0.6 151571657 +0.1  -0.106 666 67 -0.1092
0.8 1.74110113 +0.3  -0.026 666 67 -0.0336
1.0 2.000 00000 +0.5 +0.13333333 +0.0240

N

Start with [P o(X) =1

B, - Yx(0,) ¥ x° §= s > [0,(x)=x-05




Yox(e,) _ 0(-05)° + 02(-03)" + 04(-01)° + 06(0)° + 08(0:3)° + 1(05)°

2 Y ((D 1)2 (-05)2+ (-0.3)% + (-01)% + (01)% + (0.3)* + (05)*
035
=57 =05 ~
5 g' o o > ,(x)= (x- 05)(x- 05)- 011666
Xi 0* 1 et

C,=

Yo; 6

®,(x) = x* - x+ 01333

2 X0} 0029866

Y o2 0059733

c_ 2 x®,®, 0059733
o Yyer 07

> @ ,(X) = (x- 05)(x* - x+ 0.1333) - 0.08533(x - 0.5)

= 008533

®,(x) = x* - 15x° + 0548x - 0.024

The coefficient matrix (A) is found using

n 0 0 0 6 0 0 0
0 Y o2 0 0 0 07 0 0
0 0 Yol 0 =0 0 0059733 0
0 0 0 > o2 0 0 0 0.0041472
8.72502396
8=~ = 145417066

> 0, (x,)y, = 8725 023 96
069734170
Y, (%)Y, = 0697 341 70 a=— 57 - 099620243

Coefficients:
Y. @ ,(x,)y, = 0020 514 74
002051474

Y. @ ,(x;)y, = 0.000 328 06 8, = 3 osg73ass - 034343873
0.00032806
a; = M = 0.07910397
Model: 1.45417066(1) + 0.96620243(x — 0.5) + 0.34343873(x% — x + 0.1333333)

+0.07910397(x3 — 1.5x2 + 0.548x — 0.024) + ...

2 terms: 0.95606945 + 0.99620243x
3 terms: 1.00186128 + 0.65276370x + 0.34343873x?
4 terms: 0.99996278 + 0.69611268x + 0.22478278x? + 0.07910397x3

In2)® In2)®
(2)' (02,

note: 1+ (In2)x+ +... IS the Taylor Series expansion about a = 0.




[B] CONTINUOUS CASE

b+
Transform Legendre Polynomials from [-1, 1] to [a, b] by letting x = ( j (b—z)

In this example, sincea=0and b =1, then x = 2t -1. Now, <P (1),P, (t)>

2

2k1

33X -1
leads to Py(t) =1, P,(t)= x=2t-1, P,(t) = = 6t* - 6t+1, P,(t) = 20t° - 30t* + 12t -1

1

Next, flnd P (1), 2 I P (t)2'dt. The results which were found using Derive are shown
0
ht:

in the matrix on the right

1 0 0 0fa, T2 144269504
0 3 0 0fa ™~ ol 016534716
0 0 35 Ofa,| | wmz-gortuar | | 0011421868
0 0 0 #][ay] |me-tgr+ ar~ a| | 000056405072

Solving, ao = 1.44269504, a; = 0.49604148, a> = 0.057109340, and a3 = 0.0039483550

The resulting fit is for

2 terms: 1.44269504 + 0.49604148(2t — 1) = 0.94665356 + 0.99208296t
3 terms: 1.00376290 + 0.64942692t + 0.34265604t2
4 terms: 0.99981455 + 0.69680718t + 0.22420539t2 + 0.07896710t3

Sum Squares for each case are as follows:

Case Discrete Case Continuous Case
2 terms 7.072x 10°° 6.543 x 10
3 terms 2.599 x 10°° 2.232 x 10°®

4 terms 3.943 x 108 4.248 x 107




