Newton-Raphson, Chords, Secant, and False Position

Prof. Richard B. Goldstein

NEWTON-RAPHSON

Tangent line atx: y — f(xo) = £ (Xo) (X — %)
Set y = 0 and find the value of x where the tam¢jer crosses the x axis:
X —% =-f (Xo) / f(Xo) = X = %o - £ (Xo) / f(xo) call this value of x the next iterate x

()
F*(Py-)

Example  f(x)=x*+4¢—-10,f(x) =3¢ +8x, p=1.5

pn = pn—l

f(po) = 2.37500, f(po) = 18.75000, p= 1.50000 — (2.37500/18.75000) = 1.37333
f(py) = 0.13435, f(py) = 16.64480, p= 1.37333 — (0.13435/16.64480) = 1.36526

f(pz) = 0.00053, f(py) = 16.51392, p= 1.36526 — (0.00053/16.51392) = 1.36523
CHORDS

Either use f(po) or an estimate fatin p, =p,_, _fPus) (F;\ﬂ—l)

Example  f(x)=x®+4¢—-10,L,=20,p=1.5
f(po) = 2.37500, p= 1.50000 — (2.37500/20) = 1.38125
f(py) = 0.26663, p= 1.38125 — (0.26663/20) = 1.36792
f(py) = 0.04446, p= 1.36792 — (0.04446/20) = 1.36570

is converging but more slowly than Newton-Raphso



SECANT

Replace the slope of the tangent, £ (pn.1), by the slope of the secant (fg) — f(ph-2))/(Pn-1 - Pr-2)

_ f (pn—l)(pn—l _ pn—2)
f (pn—l) - f (pn—2)

Example  f(x)=x*+4¥ —10,p=1, p = 2, f(p) = -5.00000, f(p = 14.00000

pn = pn—l

P> = 2.00000 — 14.00000(2.00000-1.00000)/(14.00068.60000)) = 1.26316, fgh= -1.60227
ps = 1.26316 —(-1.60227)(1.26316-2.00000)/(-1.6022%.60000) = 1.33883, fjp = -0.43036
ps = 1.33883 —(-0.43036)(1.33883-1.26316)/(-0.43036.-60227)) = 1.36662, fgp= 0.02291

ps = 1.36662 —(0.02291)(1.36662-1.33883)/(0.0229143036)) = 1.36521, fgh = -0.00030

FALSE POSITION

Uses the idea of bisection — keepagndb such thaf(a) andf(b) are opposite in sign.

_,_1@b-a)
" f(b)-f (@)

Example  f(x) =x*+4¥ —10,a=1, b = 2, f(a) = -5.00000, f(b) = 14.000

p1 = 2.00000 — 14.00000(2.00000-1.00000)/(14.00069.69000)) = 1.26316, f(p=-1.60227
since f(p) is negative and f(b) is positive we replacey p

P2 = 1.26316 — (-1.60227)(2.00000-1.26316)/(14.00000B0227)) = 1.33883, fip=-0.43036
since f(p) is negative and f(b) is positive we replacey p

ps = 1.33883 — (-0.43036)(2.00000-1.33883)/(14.0000043036)) = 1.35855, fgp=-0.11001
since f(p) is negative and f(b) is positive we replacey ps

ps = 1.35855 — (-0.11001)(2.00000-1.35855)/(14.00000t1001)) = 1.36355, fgh=-0.02776
since f(p) is negative and f(b) is positive we replacey p,

In the false position method it is not unusualust jeplace only one side for all or almost of the
steps rather than sometimeeand other timeb.



MTH/CSC- Prof. Richard B. Goldstein — Finding Roots

Let €, =|p, —p| ande,,, =A(e,)" wherea = order of convergence

Method Formula o A
. . _atb
Bisection * P, = > 1 0.5
Fixed Point Pn= 9(Ph1) 1 9(p)
_n _ fPn) f"(p)
Newton-Raphson P = P (O 2 21 (D)
fl
Chords Pn =P~ f(i”‘l)  k=1'(py) 1 ‘1—9‘
_n _f(Pn)(Prs~Pno) f" (p)
Secant P =Pna = ) -0 1.618 ‘Zf ©)
. _. _f@-a .
False Position * S PIRRY ) - @) 1 varies
Bairstow guadratic factors 2

*

Multiple Roots

requires f(a)f(b) < 0 all the time

f(x) = (x = pJ"h(x)

Newton is reduced t@ =1 and. = (m — 1)/m. Quadratic convergence is restored if

[a] m known:

[b] m unknown:

()
P = P T )
let u(x) = f(x)/f(x) then

u
pn = pn—l - (pn—l) =

f (pn—l)f ' (pn—l)

UPe) " [ Ol — 0" (Po)




Accelerating Convergence

(pn+1 B pn)2
pn+2 - 2pn+:|_ + pn

pn+1 _p ~ pn+2 _p
pn_p pn+1_p

=P=pP,

Steffensens’ Method

P1 = 9g()

Pz = 9(p)

' (pl B po)2

P, =P, - repeat for p, ;" , B, etc.
° ° P, = 2p1 P

Comparisons — number of iterations fGrx4x — 10 = 0

. error less than
Method Initial Values - - -
10° 10° 107
Bisection a=1,b=2 9 19 29
Fixed Point Po=1.5,9(x) = %\/10— x3 8 18 29
same as above, pp= 1.5
Steffensen’s ki _ ok _ (P; —Po)’ 4 5 7
Po =Po~ % Sk, «
p; — 2p1 *+Po
Newton-Raphson| o= 1.5 2 3 3
Chords p=1.5 2 6 9
Secant p=1, p=2 4 5 6
False Position a=1,b=2 4 9 15

Clearly, the Newton-Raphson method requires the$¢wsteps for a good starting point.
The next most efficient is the secant method agdires only one function evaluation at
each step to the two function evaluations needéteinton-Raphson. The bisection and
fixed point methods required the most steps.



