INTERPOLATION AND POLYNOMIAL APPROXIMATION
Prof. Richard B. Goldstein

Karl Weierstrass was the first to prove that ther@ways a polynomial that can be used

to approximate any function f(x) on a closed in&rvithin a band of & In addition, since
polynomials are very easy to evaluate on a comptitey become the prime form to use for
representing a function. We will consider varioustihods and will also consider the use of a
rational polynomial.

In the general problem one is given n + 1 poirgsf(), (xa, f1), ..., (%, f,). Just as two

points determine a unique line, n + 1 points deteera unique A degree polynomial. Several
mathematicians found different ways to find th‘élmgree polynomial. We will consider the
methods of Lagrange, Neville, and Newton.

Lagrange considered'degree polynomialsL(x) which take on the value 1 at x gand
the value 0 at any of the other values of x, namgly, ..., X-1, Xk+1, -+, Xn

We then set ®x), our polynomial fit, to be a linear combinatiohthese i degree
polynomials L, (x) with weights of §, f;, ..., f.. The resulting ¥x) will then correctly taken
on the valuefat x = x for k ranging from 0 to n.

Neville found a way to start with a table of the A4 points and their function values and
come up with the same value as Lagranges)Pat any arbitrary point x. His method never
actually finds the polynomial, just its value atkhis is done by first considering all linear
equations through pairs of consecutive points, tiequadratic equations through all sets of
three consecutive points, then all cubic equatibraugh all sets of four consecutive points,
until finally considering the unique polynomial ualthrough all n + 1 points. This is very
convenient for programmers since it is done wittoable array and need not use the
variable, x.

Newton’s divided difference method finds a simglbular way of finding §x) in the form
A+ B(X =) + C(X = %)(X — x1) + D(X = %)(X — x)(X — %) + ... The values of the
coefficients A, B, C, D, ... etc. are found from tkable. Newton’s method greatly simplifies
to a simple difference table when the n + 1 poamésequally spaced.

Two other special cases are considered. Hermitedf@awnique polynomial that would be
given through the n + 1 points along with knowled@éhe first derivatives, f(xx), at each
point. Although not in our text, many other texigegan algorithm for finding a unique
rational polynomial P(x)/Q(x) through the n + 1 iptsi.
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Weierstrass Approximation Theorem

f 0 C[ab]. Foreache >0, OP,(x) st.|f(x) =P, (x)| <e Ox O[a,b]

Given Information: n + 1 points: ¥ fo; X1, f1; ... X0, fn wWhere = f(xy)
Lagrange Polynomials

I:)n (X) =f (XO)L n,O(X) +f (Xl)l—n,l(x) e +f(xn)L n,n (X) where

o e Yk k) e (xx,)
e (Xk _XO)(Xk _Xl)"‘(xk _Xk—l)(xk _Xk+1)"‘(xk _Xn) :;2 (Xk _Xi)

f(n+1) (C) ~
(n+1)!

Error Formula: f(x)=P,(x)+

Xo)(x _Xl)"'(x _Xn)

Neville's Formula

Xo f(X0) = Po= Qo0

X1 f(x1) =PL=Quo Po1=Qu1

X2 f(x2) = P.= Q0 Pi2=Q1 Po12= Q2

X3 f(x3) = P3= Q30 Po3= Qa1 Pi23= Q2  Po123= Qa3

X4 f(Xa) = P2 = Quo P3a= Q1 Po3a=Qu2  Pr234= Q3 Po1234= Qua

(X - X )Qi,j—l - (X - X )Qi—l,j—l

where Q,; = o Error=
[ i-j

Q n,n - Qn—Ln—l

Newton'’s Divided-Difference Formula

Xo f[Xo]
flxo, X4]
X1 f[X]_] f[XO, X1, X2]
fx1, x2] flXo, X1, X2, X3
X2 f[Xz] f[XI, X2, X3]
flx2, X4
X3 f[Xg]

] — f [Xi+1] —f [Xi] ’ f[Xi lXi+1!Xi+2] — f [Xi+l'Xi+2] —f [Xi 'Xi+1] et

Wheref[xi Xin
Xia =X Xiv2 =X,

C



Newton Forward Difference Formula(equally spaced points only)

- - - (k)
P, (x) =f(x,) + sAf, +¥A2fo +WA3]‘O +...+Sk_IAkfO

wherex = x, +sh,x, =X, +ih (equallyspacedgoints)
s =g(s-1)(s-2)---(s-k +1) and

Af, =f, =1,

Nf, = A(f, —f,)=f, —2f, +1,

Nf, =f, -3, +3f, —f,

Newton Backward Difference Formula(equally spaced points only)

D3fn+...

P,(x) =f(x,) +sOf LS8+ o, SEHD)(SH2)
n ’ o2 T 3

Of, =f, —f,,, 0%, =f, —2f  +f ...
Hermite Interpolation

Given Information: n + 1 points:x,, fo, fo %, f,f 5.0, f,, f

where f, =f(x,) andf, =f'(x,)

2n+1

Hona (X) = F[z,] + Zf[ZO,...,Zk](X =Z5)(X=2y) (X =2y)

Zo=X% f[zo]=f(X0)
fz,,2,]1 =1'(X,)

z1=% f[z1]=f(x0) f[z,,2,.2 ]_f[z11zz]_f[20121]
01411421 = z, -2,
(122 1211122
z,-2,
2z =x flzo]=f(x1) flz,,z Z]_f[ZZ,ZS]—f[Zl,ZZ]
1042:43] = z,-2,
flz,.z5] =1'(x,)
Z3=X f[Z3]=f(X1) flz,,z Z]_f[Z3,Z4]—f[ZZ,23]
2143144]1 = z,-2,
(12 2. 2] 112
z,-2,
Z1=% flz=f(x2) f[z,,2 Z]_f[Z4,25]—f[Z3,Z4]
3144,45] = z.-2,

flz,,z5]1=1'(x,)
zs=% flzs]=f(x2)



INTERPOLATION EXAMPLES — Prof. Richard B. Goldstein
Given points: (1, 6), (2, 4), (3, 3) and (5, 2) Estimate (4)
Lagrange Polynomials
P,(x) = (x=2)(x=3)(x-5) " (X=D(x=-3)(x-5) N
1-21-3@2-5  (2-D(2-3(2-9

L (X=D(X-2)(x-5) 49 X=-D(x-2)(x -3
T B-)(3-2((3-5  (6-1)(5-2)(6-3

P (x) = G(EJ + 4(_—24j + 3(%? + Z(EJ =90_ 55 (actual is 2.4)
24 24 24 24) 24

Neville’s Method

- (X - Xi—j)Qi,j—l - (X - Xi)Qi—l,j—l

X =X

Error estimate = [2.5 - 3| = 0.5

Qi,j

Xo=1 Q,0=6

X1=2 Q,0=4 Q.1=0

X2=3 Q0=3 Q. 1=2 Q. 2=3

X3=5 @ 0=2 Q1=25 Q, 2=2.333333 @s3=25

Divided Differences

Xi Fixi]  F[Xi, Xi+1] FIXi, Xi+1, Xi+2] FIXi, Xi+1, Xi+2, Xi+3]
1 6
-2
2 4 0.5
-1 -0.083333333
3 3 0.16666666
-0.5
5 2

Py(4) =6 —2(4—1) + 0.5(4 — 1)(4 — 2) — 0.08333@331)(4 — 2)(4—3) = 2.5

Error Term
f*(c)

) 12
Using f (x) =——, error<s —=~
gt X+1 4

X=-D(x-2)(x-3)(x—-5)

Sincef* =288(c+1)™ for 1< c<5, error<

9 _
>4 (3)(2)(1)(-1)‘ =225



Differences

1 6
-2
2 4 1
-1 -0.6
3 3 0.4 0.4
-0.6 -0.2
4 2.4 0.2
-0.4
5 2

Forward x=38=%+tsh=1+s(1)»s=2.8

P, (38) = 6+ 28(-2) + 2.8;1.8) 0+ 2.8(1.2)(0.8) (~06) + 2.8(1.8)(201.18)(—0.2) 04)
P, (38) = 6- 56+ 252~ 0.4032- 0.01344= 2.50336

Backward x=38=x+sh=5+s(1}>s=-1.2

P, (38) = 2— 1.2(~04) + @ 02)+= 1'2(_2'2)(0'8) (—02) + ~ 2= 02 (08)(18) .4
P, (38) = 2+ 048~ 0.0064+ 0.00576= 2.50336

Hermite
Given Information: 2 pts: f(3) =3, f'(3) =-075, f(5) =2, f'(5) = —0.33 usingf (x) :1—+21
X

1°'DD

X f(x) or Derivative 29DD 39DD

3 3
-0.75

3 3 0.125
-0.5 -0.0208333...

5 2 0.08333...
-0.333...

5 2

Py(x) = 3 —0.75(x — 3) + 0.125(x —%)0.0208333...(x -3)x — 5)

Ps(4) = 3—0.75 + 0.125 + 0.0208333... = 2.3958333ctu@ is 2.4)



